6.055]/2.038] (Spring 2009)

Homework 05

Do the following warmups and problems. Due in class on Wednesday, 13 May 2009.

Open universe: Collaboration, notes, and other sources of information are encouraged. However, avoid
looking up answers until you solve the problem (or have tried hard). That policy helps you learn the most
from the problems.

Homework will be graded with a light touch: P (made a reasonable effort), D (did not make a reasonable
effort), or F (did not turn in).

Warmups

1. Numerical estimates
Estimate

a. v1.05
b. 1.123

2. Perfume

2

If the diffusion constant (in air) for small perfume molecules is 107®m? s !, estimate the time

for perfume molecules to diffuse across a room.

Now try the experiment: How long does it take to smell the perfume from across the room?
Explain the large discrepancy between the theoretical estimate and the experimental value.

3. Reynolds numbers
Estimate the Reynolds number for:

a. a falling raindrop;

b. a flying mosquito;

Problems

4. Drag at low Reynolds number
At low Reynolds number, the drag on a sphere is

F = 6mpvvr.

What is the drag coefficient cq as a function of Reynolds number Re?
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5. Blackbody temperature of the earth
The earth’s surface temperature is mostly due to solar radiation.

The solar flux S ~ 1350 Wm ™2 is the amount of solar energy reaching the top of the earth’s
atmosphere. But that energy is spread over the surface of a sphere, so S/4 is the relevant
flux for calculating the surface temperature. Some of that energy is reflected back to space by
clouds or ocean before it can heat the ground, so the heating flux is slightly lower than S/4. A
useful estimate is S’ ~ 250 Wm 2.

Look up the Stefan-Boltzmann law (or see Problem 8) and use it to find the blackbody tem-
perature of the earth.

Your value should be close to room temperature but enough colder to make you wonder about
the discrepancy. Why is the actual average surface temperature warmer than the value calcu-
lated in this problem?

6. Fog

a. Estimate the terminal speed of fog droplets (radius ~ 10 um). Use either the low- or high-
Reynolds-number limit for the drag force, whichever you guess is the more likely to be
valid.

b. Use the speed to estimate the Reynolds number and check that you used the correct limit
for the drag force. If not, try the other limit!
It is much less than 1, so the original assumption of low-Reynolds-number flow is okay.

c. Fog is a low-lying cloud. How long would fog droplets take to fall 1 km (the height of a
typical cloud)? What is the everyday effect of this settling time?

Optional

7. Plant-watering system
The semester is over and you are going on holiday for a few weeks. But how will you water
the house plants?! Design an unpowered slow-flow system to keep your plants happy.

8. Blackbody radiation
A hot object — a so-called blackbody — radiates energy, and the flux F depends on the temper-
ature T. In this problem you derive the connection using dimensional analysis. The goal is to
find F as a function of T. But you need more quantities.

a. What are the dimensions of flux?

b. What two constants of nature should be included because blackbody radiation depends on
the quantum theory of radiation?
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¢. What constant of nature should be included because you are dealing with temperature?

d. After doing the preceding parts, you have five variables. Explain why these five variables
produce one dimensionless group, and use that fact to deduce the relation between flux
and temperature.

e. Look up the Stefan-Boltzman law and compare your result to it.

9. Teacup spindown
You stir your afternoon tea to mix the milk (and sugar if you have a sweet tooth). Once you
remove the stirring spoon, the rotation starts to slow. What is the spindown time t? In other
words, how long before the angular velocity of the tea has fallen by a significant fraction?

To estimate T, consider a physicist’s idea of a teacup: a cylinder with height L and diameter L,
filled with liquid. Why does the rotation slow? Tea near the edge of the teacup — and near the
base, but for simplicity neglect the effect of the base — is slowed by the presence of the edge
(the no-slip boundary condition). The edge produces a velocity gradient.

Because of the tea’s viscosity, the velocity gradient produces a force on any piece of the edge.
This force tries to spin the piece in the direction of the tea’s motion. The piece exerts a force on
the tea equal in magnitude and opposite in direction. Therefore, the edge slows the rotation.
Now you can analyze this model quantitatively.

a. In terms of the total viscous force F and of the initial angular velocity w, estimate the
spindown time. Hint: Consider torque and angular momentum. (Feel free to drop any
constants, such as 7t and 2, by invoking the Estimation Theorem: 1 = 2.)

b. You can estimate F with the idea that
viscous force ~ pv x velocity gradient x surface area.

Here pv is 1. The more familiar viscosity is 11, known as the dynamic viscosity. The more
convenient viscosity is v, the kinematic viscosity. The velocity gradient is determined by
the size of the region in which the the edge has a significant effect on the flow; this region
is called the boundary layer. Let § be its thickness. Estimate the velocity gradient near the
edge in terms of 9, and use the equation for viscous force to estimate F.

c. Put your expression for F into your earlier estimate for T, which should now contain only
one quantity that you have not yet estimated (the boundary-layer thickness).

d. You can estimate 0 using your knowledge of random walks. The boundary layer is a
result of momentum diffusion; just as D is the molecular-diffusion coefficient, v is the
momentum-diffusion coefficient. In a time t, how far can momentum diffuse? This dis-
tance is 0. What is a natural estimate for t? (Hint: After rotating 1 radian, the fluid is mov-
ing in a significantly different direction than before, so the momentum fluxes no longer
add.) Use that time to estimate 0.
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e. Now putitall together: What is the characteristic spindown time 7 (the time for the rotation
to slow down by a significant amount)?

f. Stir some tea to experimentally estimate Texp,. Compare this time with the time predicted
by the preceding theory. [In water (and tea is roughly water), v ~ 10~®m? s~ ]

10. Stokes’ law
You can use ideas from the previous problem to derive Stokes’ formula for drag at low speeds
(more precisely, at low Reynolds’ number). In lecture we derived the result using dimensional
analysis and easy-cases reasoning; in this problem you work out a physical argument.

Consider a sphere of radius R moving with velocity v. Equivalently, in the reference frame of
the sphere, the sphere is fixed and the fluid moves past it with velocity v. Next to the sphere,
the fluid is stationary. Over a region of thickness & (the boundary layer), the fluid velocity
rises from zero to the full flow speed v. Assume that 6 ~ R (the most natural assumption)
and estimate the viscous drag force. Compare the force with Stokes” formula (remember that

pv =m1).



