6.02 Spring 2010: Quiz 2
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6.02 Digital Communication Systems—Spring 2010
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Directions: The exam consists of four problems on 18 pages. Please make sure you have all the
pages. Enter all your work and your answers directly in the spaces provided on the printed
pages of this exam. Please make sure your name is on all sheets. DO IT NOW! All sketches
must be adequately labeled. Unless indicated otherwise, answers must be derived or explained
in the space provided, not just simply written down. This examination is closed book, but stu-
dents may use one 8 1/2 x 11 sheet of paper for reference. Calculators may not be used.

Please leave the rest of this page blank for use by the graders:

Problem | No. of points | Score Grader |
1 35
2 10
3 20
4 35
Total 100
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Problem 1. Filters [35 points]

In answering the scveral parts of this question, consider three linear time-invariant filters, de-

noted A, B, and C, each characterized by the magnitude of their frequency responses, |H 4(e'?)],
|Hp(e)|, and | He(e)|, respectively, as given in the plots below.
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(A) Which frequency response (A, B, or C) corresponds to the following unit sample response,
and what is maxgo | H (e)| for your selected filter? Please Justify your selection.

Unit-sample response

i i i
¢] 2 4

Zhii=0 2 H(e%eo Eg Must be [
lZéﬂdh[ﬂjlz o = lH {Q_)‘n‘)l.‘;é

Frequency response plot (A, B, or C) (Be sure to justify your answery= __{ \

[H(esm)] ¢ 2 lhel =6 = HE D)

maxq {H(e/?)] = J H(@ﬁm = 6
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(B) Which frequency response (A, B, or C) corresponds to the following unit sample response,
and is the maxg | H (e’)| > 6 for your selected filter? Please justify your answers.

Unit-sample response
3
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Frequency response plot (A, B, or C) (Be sure to justify your answer) = ___ L~

M=o

\H@“ﬁ/“j hoa e 3 ke L2 g
V=0

Is maxg | H (e7?)| > 6 (yes or no)? ,______&__Q £3 é .

You must provide some justification to receive credit,
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(C) Suppose the input to each of the above three filters is z[n] = 0forn < 0 and for n > 0is

z[n] = cos 3—7%71 +cosmn + 1.0.

Which filter (A, B,or C) produced the output, y[n] below, and what is maxg, | H (e7?)] for
your selected system?

yin}

Liifdyin g fagrtlielfglyiqt|! il i L
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Sample Number

Frequency response plot (A, B, or C) (Be sure to justify your answer) = _____\w#
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o [H(E) =@ _ < From plot of ‘Hc,é:m l

My LS ﬁf" S W= ¢
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(D) Suppose the input to each of the above three filters is z[n] = 0 for n < 0 and forn > 0 is

zn] = cos g%n + cosmn + 1.0.

(same input as part C).

Which filter, (A, B,or C), produced the output, y[n] below, and is maxq | H(e’?)| < 4.0 for
your selected filter?
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Frequency response plot (A, B, or C) (Be sure to justify your answer) = _____B,,_____

\H @J /3’> cosWe 2 Y- ¢ H (em 0 M“’s}
/4 = 0.87 < 24
Is maxq [H(e")| < 4 (yes or no)? _______b_l__(i_ [ ('@;J /3) } {'\: > lf

You must provide some justification to receive credit. @vg?

be |
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(E) Six new filters were generated using the unit sample responses of filters A, B and C, denoted
haln], hgln], and Ag[n} respectively. The unit sample responses of the new filters were

generated in the following way:

hl[n] = hA[n] + hB[n]

hz[n] = hA[ﬂ] + he [n]
h3 [?’L] = hB[n] + hc[n]

m=n

ha[n] = Z halmlhg[n — m].

m=n

hs[n] = Z ha[m]hcin — m].

m=(0
m=n

he[n| = Z he[m|ha(n — m].

m=0

Which of the six new filters has a frequency response as plotted betow?

Magnitude of |H(e™)] N
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(F) Which of the six new filters described in part E has a frequency response as plotted below?

Magnitude of | H(e™ )}
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Which filter (1,2,3,4,5 or 6) and you must justify your answer: _____é_____ t’\ ‘ﬁ?
B
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Problem 2. Block Codes [10 points]

(A) [3 points] The Registrar has asked for an encoding of class year ("Freshman”, “Sophomore”,
“Junior”, "Senior”) that will allow single error correction. In the table below please fill in an
appropriate 5-bit binary encoding for each of the four years.

Year Multi-bit binary encoding for year . ‘
Freshman { b P
- DoC O e}
Sophomore P"? %
AREe I
Junior ‘
pid i | T WL&&"}%Q"&B
Senior
O

(B) [2 points] Dos Equis Encodings, Inc. specializes in codes that use 20-bit transmit blocks.
They are trying to design a (20, k, 3) block code for single error correction, for some integer
k. What's the largest integer value of k they can use? Briefly explain your reasoning.

U= largest value for k: | =~

(C) [5 points] The following matrix shows a rectangular single error correcting code consisting

of 9 data bits, 3 row parity bits and 3 column parity bits. For each of the examples that

follow, please indicate the correction the receiver must perform: give the position of the

bit that needs comrecting (e.g., D7, R1), or "no” if there are no errors, or "M” if there is a
multi-bit uncorrectable error.

D1 {D2|DP3{RI1
D4 {D5|{D6|R2
D71 D8 {D9|R3
Ci|C2|C3 | —
11110010&110010101110»\
1111010 Oj1||1411]01{0]1 1101011 1(1|1]1
Ol1(1(0jtoj1(1|o|l{olol1lok[al1TOlO}|[T11COT]0L
0111}~ ]]0|0{1|-}1]0 011]- 1f1]1(-]1010 1| -
Vil N s 5
Error: C3 Error: M Error:% Error: no Error: f A
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Problem 3. Convolutional Codes [20 points]

Consider the following state transition diagram for a & = 3, rate = § convolutional encoder.
The message stream is the bit sequence X = z[0]z[1]... z[n]; the states are labeled with z[n —
1]z[n — 2] and the transition arcs are labeled at their near end with z[n}/pgp;. Assume that the
output of the encoder is created by concatenating the parity bits generated from processing each
message bit in turn, i.e., po[0]p1[0]po[1]p:1(1] . . . po[nip:[n].

 STARTING STATE

(A) B points] If X = 01011.. ., what is the sequence of bits produced by the convolutional
encoder?

sequence produced by encoder: Qoo o)

10
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The receiver determines the most-likely transmitted message by using the Viterbi algorithm
to process the (possibly corrupted) received parity bits. The path metric trellis generated from a
particular set of received parity bits is shown below. The boxes in the trellis contain the minimum
path metric as computed by the Viterbi algorithm,

Time step 1 2 3 4 5 6
Received 01 01 00 01 01 11

10

11

(B) [3 points] Referring to the trellis above, what is the receiver’s estimate of the most-likely
transmitter state after processing the bits received at time step 67

o
most-likely final state: §

(C) [5 points] Referring to the trellis above, show the most-likely path through the trellis by plac-
ing a circle around the appropriate state box at each time step and darkening the appropriate
arcs. What is the receiver’s estimate of the most-likely transmitted message?

most-likely transmitted message: Clin o

(D) [3 points] Referring to the trellis above, and given the receiver’s estimate of the most-likely
transmitted message, at what time step(s) were errors detected by the receiver? Briefly ex-
plain your reasoning.

12

MY P in v m%)r

time steps at which errors detected:

ﬁ(@v{z} ?’?’}(}gj?' Gw} %35/\%%”"’

11
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Now consider the path metric trellis generated from a different set of received parity bits.

Timestep 1 2 3
Received ?? ?? ??

00

01

10

11

(E) [6 points] Referring to the trellis above, determine which pair(s) of parity bits could have
been been received at time steps 1, 2 and 3. Briefly explain your reasoning.

Possible pairs of parity bits time 1: 2 it
G 1D Apmg T A hed SR o W by m%%

Possible pairs of parity bits time 2: Syl
{,W‘:‘\\rgi dﬁa) {m'%w3g§¢:}f I { o “}}
IR e (_ﬁ}}

Possible pairs of parity bits time 3:
Pl O “}?(?—wwg'\t%?m iz, Rz Y %:A(ﬁ PRl

12
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Problem 4. Modulation [35 Points]

In answering the four parts of this question, please refer to the modulation-demodulation sys-
tem below. For this problem, please assume N = 128 and that the sampling frequency, fs, is 128
samples per second.

xy[nl=

‘Ideal Low-

- cos25%%n o8 f2 250
z3[n)> N cos f3y

S N
cos faFn

14

”| Pass Filter [7:




(A) Below are plots of the real and imaginary paris of the Fourier coefficients versus frequency
for point A of the modulation-demodulation system. On the axes below, please plot the real
and imaginary parts of the Fourier coefficients versus frequency for the signal at point B,
assuming f3 = 25. For this problem, you need only plot the Fourier Series coefficients for

frequencies in the range —25 to 25. Please be sure to label critical frequencies and values in
your graph -
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Fourier Series Coefficients Versus Frequency
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Signal at Point B Fourier Series Coefficients:

Fourier Serles Coefficients Versus Frequency
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16
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(B) Repeated below are plots of the real and imaginary parts of the Fourier coefficients versus
frequency for point A of the modulation-demodulation system (that is, the same plot as in
part A). If z;[n] = o + B cos (225n) and za[n] = 1 cos (2%n) + 1 sin (Zn), please deter-
mine the two medulation frequencies, f, and f, and the two amplitudes, o and 3.

17
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(C) Now suppose za(n] = 0, z1[n] = cos(22n) + Lsin(Zn), and fi = 15 (not one of
the answers to part B!). For what values of f3 < 64 (there is more than one) will y[n] =
x1[n], assuming the low-pass filter has been designed correctly. In addition, what should
the magnitude be for the low frequency response of the low-pass filter? Please show your
reasoning, with pictures if needed.

ALy

Values for f3 = { O oo (ld\ Ll' O

Magnitude of the low-pass filter’s low frequency response = ________k,,,m_

End of Quiz 2!
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