18.06 Solutionsto PSet 9

6.7:

3: If A has rankl then so doesi™ A. The only nonzero eigenvalue df’ A is its trace,
which is the sum of alk?;. (Each diagonal entry ofi™ A is the sum ofa?; down one
column, so the trace is the sum down all columns.) T#el- square root of this sum, and
o} = this sum of alla;.

6 AAT — B ;] haso? — 3 with u; — [%g} ando? = 1 with u, — {_%g}
110 1/V6 1/V2
ATA= |1 2 1| haso? =3withv; = |[2/V6], 03 = 1 withwvy = 0 :
01 1 1/v6 —1/V2
1/V3
andv3 = —1/\/§ Then|:é } ?:| = ['LLl UQ} |:\g§ (j 8:| [’Ul () ’Ug}T.
1/V3

7: The matrixA4 in Problem6 hado;, = v/3 ando, = 1in X. The smallest change to rank
1 istomake o, = 0. In the factorization

A= UEVT = ’LL1(71'UF1F + ’U,QO'Q’U’2T

this changer, — 0 will leave the closest rank-matrix asu;o;vT. See Probleni4 for
the general case of this problem.

9: A =UV" since allo; = 1, which means that = 1.

10: A rank-1 matrix with Av = 12u would haveu in its column space, sd = uw?’
for some vectorw. | intended (but didn’t say) thaiv is a multiple of the unit vector
v =1(1,1,1,1) in the problem. Them = 12uv™ to getdv = 12u whenv™v = 1.

11: If A has orthogonal columng, ..., w,, of lengthso,...,o,, then A" A will be
diagonal with entriesr?, ..., 02. So theo’s are definitely the singular values df (as
expected). The eigenvalues of that diagonal matrfxA are the columns of, soV = I
in the SVD. Then thes,; are Av; /o; which is the unit vectotw; /.

The SVD of thisA with orthogonal columns igl = UXVT = (AX~1)(Z)(1).

14: he smallest change iA is to set its smallest singular valde to zero. See# 7.
15: The singular values ofA + I are noto; + 1. They come from eigenvalues of
(A+DT(A+1T).

8.1

3: The rows of the free-free matrix in equation (9) add@ 0 0] so the right side needs

f1 =+ f2 =+ f3 = 0. f = (—1,0, 1) giVESCQU1 — coug = —1,c3us — cgug = —1,0 = 0.



1
4: /—di <C(x)zz> de=— [c(x)jﬂ 0:0 (bdry cond) so we neej/f(x) dx=0.

7: For 5 springs andt masses, thé by 4 A has two nonzero diagonals: al); = 1 and
ai+1,; = —1. With C = diag(c1, ¢z, ¢3, s, c5) We getK = ATC A, symmetric tridiagonal
with diagonal entries(;; = ¢; + ¢;+1 and off-diagonald{; +; ; = —c¢;+1. With C = I this
K is the—1,2, —1 matrix andK (2,3, 3,2) = (1,1,1,1) solvesKu = ones(4,1). (K *
will solve Ku = ones(4).)



