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Professor Strang

Quiz 3 May 2, 2008

Grading
1
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1 (40 pts.) The (real) matrix A is

(a) What can you tell me about the eigenvectors of A?

What is the sum of its eigenvalues ?
(b) For which values of x is this matrix A positive definite ?
(c) For which values of z is A? positive definite? Why ?

(d) If R is any rectangular matrix, prove from z*(RTR)z that RTR is
positive semidefinite (or definite). What condition on R is the test for

RTR to be positive definite ?
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2 (30 pts.)

The cosine of a matrix is defined by copying the series for cosx (which

always converges):

(a)

(b)

_ Lo 1
cosA—I—aA +EA—---

Suppose Ax = Ax. Show that x is an eigenvector of cos A. Find the
eigenvalue.

Find the eigenvalues of A = g . The eigenvectors are (1, 1)
1 1

and (1, —1). From the eigenvalues and eigenvectors of cos A, find that

matrix cos A.
The second derivative of the series for cos(At) is —A? cos(At). So

u(t) = cos(At)u(0) is a short formula for the solution of

d*u

= — A%y starting from «(0) with «/(0) =0.

Now construct that u(t) = cos(At)u(0) by the usual three steps when
Ais diagonalizable: Al’l = )\1£C1, Al’g = )\2£C2, Al’g = )\3£C3.

1. Expand u(0) = ¢1x1 + cawg + c3x3 in the eigenvectors.

2. Multiply those eigenvectors by ) ,

3. Add up the solution u(t) = ¢; 1+ ¢ Ty + C3 x3.
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3 (30 pts.)

Suppose the vectors z,y give an orthonormal basis for R? and A = xy7.

(a) Compute the rank of A and the rank of A% = (zy")(zy"). Use this

information to find the eigenvalues of A.

(b) Explain why this matrix B is similar to A (and write down what

similar means):

(c) The eigenvalues of Q are \; = ¢ = cosf + isin 6 and

Ao = e ¥ = cosh —isinb:

) ) cos)  —sinf
Rotation matrix @ =

sin 6 cos

Find the eigenvectors of (). Are they perpendicular ?
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